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Electrophoretic mobility of interacting colloidal spheres
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Universität Mainz, Institut für Physik, D-55099 Mainz, Germany

~Received 18 August 1997; revised manuscript received 14 January 1998!

The electrophoretic mobilitym of charged colloidal spheres suspended in deionized water was measured as
a function of the packing fractionF increasing from about 1026 to 231023. With increasing packing fraction,
the mobility first increases linearly with the logarithm of the packing fraction and then saturates at a high value
unaffected by the freezing transition. The electrostatic potentialC(r ) was calculated numerically by solving
the nonlinearized Poisson-Boltzmann equation in a cell model under conditions of charge regulation. The
potential first is constant at low packing fraction and then decreases roughly linearly with log(F). In both cases
the qualitative change in packing fraction dependence occurs onceka significantly ~typically 10–20 %! in-
creases abovek0a given by the residual small ion concentration. Qualitatively similar behavior was found for
particles of different size and surface chemistry and also under conditions of added salt. None of the theoretical
approaches presently available is able to capture this interesting and complex behavior observed under low salt
conditions.@S1063-651X~98!05905-4#

PACS number~s!: 82.70.Dd
th
ol
ria
n

s
nd

m
iv
-
e
th

n
ri
c

ta

li
w

ac
ac
or

-
or
f

gl
le
u

o
u
in

l; a
that

ich
ing
r-
still
the
or
the
os-
dy

-

ne
real

ar-
to
to

ra-
ere
n to
ro-
ex-

f
les,
e

n
o-

e
tro-
m
he
I. INTRODUCTION

There has been much progress in recent years in the
oretical modeling of electrokinetic properties of isolated c
loidal particles. This has been of great interest in indust
applications, where, for instance, stability criteria for conce
trated latex dispersions are derived from measurement
the electrophoretic mobility. Also in biological science a
medicine, the knowledge of so-calledz potentials from elec-
trokinetic studies is of importance to understand, e.g., co
plex transport phenomena in the living organism or to g
valuable aid in diagnostics@1#. On the other hand, monodis
perse suspensions of charge-stabilized submicrom
spheres became a well-known model system to study
effects of interparticle interactions@2–4#. Typical length
scales are on the order of the wavelength of visible light a
the structure and dynamics are accessible by light scatte
techniques. At sufficiently low concentration of added ele
trolyte such systems form states of fluid, glassy, or crys
line order much in analogy to atomic matter. The~diffusive!
dynamics in these ordered states is observed to be qua
tively different from the single-particle case. Even at lo
packing fraction, where the effects of hydrodynamic inter
tions are very small, the long-ranged Yukawa-type inter
tion and the suspension structure have to be accounted f
calculating the time- andk-dependent collective diffusion
coefficients@5#. While the diffusional dynamics are compa
rably well understood including effects of polydispersity
nonsphericity, there are no such theoretical descriptions
the electrokinetic properties of colloidal spheres in a stron
interacting state. This is mostly due to the lack of reliab
and comprehensive experimental data taken of samples
der conditions of overlapping electric double layers~EDLs!.

The problem of particle interactions and their influence
the electrokinetic properties indeed is fairly complex. Let
make the following assumptions to simplify the situation
an electrophoretic experiment, where the velocityv of a par-
ticle is measured in an externally applied electric fieldE to
yield the particle mobilitym5v/E. First, the particles are
571063-651X/98/57~6!/6774~11!/$15.00
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assumed to be perfectly monodisperse and spherica
charge is provided by one species of acid surface group
can be characterized by a constant surfacepK. Second, the
particles are suspended in a 1:1 electrolyte solution, wh
does not adsorb specifically to the surface. Third, the pack
fraction is sufficiently small to neglect hydrodynamic inte
actions. Even in the case of noninteracting particles we
have to account for the force exerted on a particle by
external electric field, the frictional force, the retardation
electro-osmotic force, and the additional force due to
deformation of the electric double layer, known as electr
triction or relaxation effect. The former three were alrea
incorporated in the theory of Henry@6#, while relaxation was
included via numerical calculations by Booth@7#, Wiersema
et al. @8#, O’Brien and White@9#, and others. All those pre
dict a complex dependence ofm on the salt concentration
andz potential, which is the potential at the so-called pla
of shear. The concept of a shear plane approximates the
velocity gradient outward from the surface of a moving p
ticle by geometrically dividing the double layer sharply in
one part moving with the particle and one part subject
normal viscous flow. This leads to an effective particle
diusa. Unfortunately, there is no general theory as to wh
this boundary is to be placed, but in most cases it is take
coincide with either the outer Helmholtz plane or the hyd
dynamic radius of the particle as measured by diffusion
periments.

Experimentally, a mobility maximum as a function o
added salt is frequently observed for noninteracting partic
the origin of which is still discussed controversially. Here w
only briefly mention the ‘‘hairy layer’’ concept@10#, the site
binding model @11–13#, the idea of surface conductio
@13,14#, and interpretation in terms of the high potential s
lution of O’Brien and White@15#. In addition, careful mea-
surements ofz potentials by different methods on the sam
latex often yield different results. In most cases the elec
phoreticz potential is much smaller than that derived fro
conductivity increments or calculated from solutions of t
Poisson-Boltzmann equation@16#. An overview was recently
6774 © 1998 The American Physical Society
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TABLE I. Particle properties of the samples investigated.a, geometric radius measured by TEM;aH , hydrodynamic radius as measure
under conditions of added salt by dynamic light scattering;N, number of surface groups as titrated conductometrically;Z, number of
dissociated surface groups as calculated numerically forpK50.5 andnP55310216 m23; ZDH* , Zs* , andZz* , effective charges as calcu
lated via a fit of Eqs.~6a! and~6b! to C(r ), as derived from conductivity via Eq.~5!, and as derived from mobility via Eqs.~1! and~7! with
CS5z, respectively. LatexD showed desorption of SDS upon deionizing; numbers given are estimated upper limits as presumably a
nondeionized condition.

Latex Batch No. a ~nm! aH ~nm!
Surface
group N Z ZDH* Zs* Zz*

A IDC 10-66-58 150.5 154.465.3 sulphate 23 1006300 21 4006100 18606100 2440 1990
B IDC 10-95-38-202 57.5 62.963.5 sulphate 36006100 3300650 805650 730 920
C A. Weiss PSSL3 35 39.562 sulphate 11 8006200 4580650 570630 790 495
D A. Weiss PSL2 51 SDS ,700 ,500 ,400 ,350 ,500
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given by Hidalgo-Alvarezet al. @17#.
Working with interacting particles will face two add

tional problems. First, how are relaxation effects affected
the ordered state, where the~EDLs! overlap significantly?
Second, what are the effects of the phase transition from
fluid to the crystalline state? While the effect of increas
friction by strongly increased packing fraction has be
treated@18#, no theoretical answer has been given to date
the electrostatic complications mentioned above. Furth
more, experimental results on strongly interacting lattic
differ qualitatively. Okubo presented measurements indic
ing a significant increase of mobility with decreasing s
concentration followed by a plateau region. He also obser
the mobility plateau to be practically independent of bo
particle size and titrated number of surface groups@19#.
Deggelmannet al. measured the increase to continue do
to salt concentrations of 1027M with apparently only little
influence of the packing fractionF @20#.

In another paper the mobility of cylindrical rods was o
served to display a plateau at moderateF, but to decrease
logarithmically at higherF @21#. Such behavior was als
observed for deionized suspensions of spheres@22#. How-
ever, Belliniet al. reported similar measurements perform
on a short rod system and found the mobility to first incre
but then saturate with increasingF @23#. In the same pape
they also report on the mobility to decrease with decreas
particle charge. On the other hand, Dunstan and White@24#
report pronounced minima in mobility as the packing fra
tion was reduced at constant low salt concentration. The
ter authors and others@16# have pointed out that the cleanin
procedures may have significant influence on the meas
properties. Keeping in mind that the control of impurities h
to be performed at electrolyte concentrations in the mic
molar range to stay in the ordered state, preparational dif
ences and difficulties may well explain some of the obser
discrepancies.

Recent theoretical considerations of the potential aro
highly charged colloidal rods and spheres@25–30# yielded
numerical procedures to calculate surface potentials and
fective interaction potentials that have successfully been
plied to the description of phase transitions and diffusio
dynamics but have not yet been adapted to electrokin
phenomena. The mean-field calculations are based on
numerical solution of the nonlinearized Poisson-Boltzma
equation in a spherical Wigner-Seitz cell under conditions
constant charge@27,28# or constant dissociation equilibrium
n
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@29#. This yields the highly nonexponential potentialC(r ),
to which a Debye-Hu¨ckel-potentialCDH* (r ) is matched at the
Wigner-Seitz cell boundary. The corresponding effect
chargeZ* is found to be significantly smaller than the tru
surface chargeZ. It is further observed to be on the sam
order as the effective charges derived from fits of theoret
expressions to data from measurements of the structure
tor @20#, the phase diagram@31–33#, elastic properties
@34,35#, and conductivity @20,33#. While in the case of
interaction-dependent properties this is theoretically w
founded~at the position of the nearest neighbor both pote
tials are indistinguishable! @27,36#, the case of electrokinetic
properties remains to be clarified.

Systematic measurements on carefully prepared and c
acterized suspensions are therefore needed to form a com
hensive database to reliably describe the principal qualita
phenomena present in interacting suspensions. The pre
paper addresses this first step. In the next section we gi
detailed description of materials, methods, and preparatio
procedures used in our study. This is followed by a br
summary of theoretical background needed for data eva
tion. We then present experimental data on electrophor
mobility and conductivity. Results gained at conditions
strong electrostatic interaction are further subjected to co
parison with numerically calculated potentials and cha
numbers. Finally, possible qualitative explanations of our
expected results are discussed.

II. SAMPLE PREPARATION AND
EXPERIMENTAL METHODS

Two samples~A andB! of commercially available poly-
styrene latices~IDC, Portland, OR! and two samples~C and
D! synthesized and kindly provided by A. Weiss were us
All samples were stabilized by sulphate surface groups st
ming from the polymerization initiator and sampleD in ad-
dition carried a considerable amount of physisorbed sod
dodecylsulphate~SDS! ~Merck, Germany!. The main fea-
tures are compiled in Table I.

A and B were shipped at a packing fraction ofF50.08
and sampleC was atF50.055. From these we prepare
stock suspensions ofF'0.01 by dilution with destilled wa-
ter. Mixed bed ion exchange resin~IEX! ~Amberlite UP 604,
Rohm and Haas, France! was added and the suspensio
were left to stand with occasional stirring for several da
They were then filtered using 0.5-mm filters ~Millipore,
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USA! to remove dust, ion exchange debris, and coagu
regularly occurring upon first contact of suspension w
IEX. A second batch of carefully cleaned IEX filled into
dialysis bag was then added to retain low ionic strength
the stock suspensions now kept under Ar atmosph
SampleD was synthesized by standard emulsion polym
ization @37# and extensively dialysed against 1023M KCl.
Here the stock suspension packing fraction wasF50.064.

All further sample preparation and measurements w
performed in a closed system including the measuring c
and the preparational units. Details of the continuous de
ization procedures have been given elsewhere@38#. Since
preparation may have severe influence on electropho
measurements, we nevertheless here give a short outlin
the preparational setup as sketched in Fig. 1. The suspen
is pumped peristaltically through a Teflon tubing syste
connecting~i! the ion exchange chamber,~ii ! the reservoir
under inert gas atmosphere to add further suspension or
solutions if electrolyte concentration-dependent meas
ments are performed@14,20#, ~iii ! the observation cell,~iv! a
conductivity measurement~electrode LTA01 and bridge
WTW 531, WTW, Germany!, and ~v! a cell for static light
scattering or transmission experiments. The latter facilita
an in situ control of F via the static structure factor or th
turbidity. Control of the packing fraction may also be pe
formed via the conductivity at completely deionized con
tions ~see below!. Uncertainties in the packing fractionF are
typically below 1% atF51023. The whole system~exclud-
ing the pump! may be thermostated to60.2 °C. During the
actual mobility and conductivity experiments the ion e
change chamber is bypassed and great care is taken to e
stable experimental conditions on a typical time scale o
few hours. Leakage of stray ions into the system was e
mated from an increase of the conductivity of pure water~55
nS/cm! of less than 150 nS/cm per hour in the elect
phoretic cell to correspond to a NaCl equivalent of
31027M h21. Another source of ionic impurities general
is provided by the particles themselves. The rise in cond

FIG. 1. Block diagram of thermostated closed Teflon tub
system for sample preparation and measurement. Component~i!
ion exchange chamber~bypassed during measurements!, ~ii ! reser-
voir under inert gas,~iii ! laser-Doppler-velocimetry cell,~iv! con-
ductivity measurement, and~v! static light scattering or turbidity
measurement. More cells can be added, if necessary. Note th
rection of flow.
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tivity measured in a suspension is equivalent to the addi
of up to 1026M h21 of NaCl.

Before filling the suspension into the tubing system, t
latter is rinsed with doubly destilled, filtered water throug
both the IEX column and the bypass until the eluate show
conductivity below 60 nS/cm. The volume of water in th
tubing system depends on the arrangement of componen
is on the order of 40 cm3 and is exactly determined b
weighing. Then an Ar atmosphere is laid on top of the wa
surface in the reservoir and stock suspension is adde
adjust the desired volume fraction. The suspension
pumped through the ion exchange column for a few ho
during which conductivity reaches a constant low value.
desired, then a certain amount of salt is added. A few m
utes of further pumping are generally sufficient to reach
constant but higher conductivity value. We note that for ea
measurement the suspension is deionized again, befo
higher amount of salt or further particles are added and
procedure is repeated. We estimate an upper bound for
dentified small ion concentrations during experiments
‘‘completely deionized’’ samples to be between 1027 and
831027M . SampleD also was investigated using this tub
ing system, again exploiting the possibility to perform se
eral different in situ measurements simultaneously on o
sample. In this case, however, the sample was not deion
~to prevent desorption of physisorbed tenside@23,33#! but
stepwise diluted with 1023M KCl. At such high background
electrolyte concentration both leakage of impurities and c
tribution of desorbing SDS to the ionic strength are assum
negligible.

Electrophoretic measurements were performed in fl
through quartz cells of 1310 mm2 rectangular cross sectio
~Rank Bros., Bottisham, United Kingdom!. In order to avoid
the evolution of electro-osmotically caused parabolic flo
profiles ac fields of frequencies of 20 Hz and higher are u
@39#. The suspension then takes a pluglike flow profile a
the measured velocity equals the electrophoretic veloc
The effective electrode separation is on the order of 7 cm
calibrated for each cell by conductivity measurements
1024– 1021 M KCl at 22.560.2 °C. Applied fields were be
tween 2 and 70 V/cm. The velocities were found to increa
linearly with the applied field strength in all cases and
frequency dependence was observed.

A conventional Doppler velocimetry with real space mo
ing fringe illumination and incoherent detection followed b
fast-Fourier-transform frequency analysis~Ono-Sokki, NTD,
Japan! was used to determine the electrophoretic veloc
Details of the optics have been given before@39#. Since
square wave fields are applied, the resulting spectra conta
convolution of the velocity distribution with a sequence ofd
peaks at multiples of the ac-field frequency. For evaluat
we follow the method of Uzgiris, which is discussed in det
elsewhere@40#. Here we only note that the determination
the Doppler shift is limited in accuracy to half the ac-fie
frequency. Under our experimental conditions this results
a typical upper bound for the residual uncertainties inm on
the order of 10%.

III. PACKING FRACTION DEPENDENCE
OF ELECTROPHORETIC MOBILITIES

Theoretical expressions for the electrophoretic mobilitym
have been available since the start of the century for
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limiting cases of very thin and very thick EDLs@41,42#.
Taking into account retardation effects, Henry’s formula@6#
gives a prediction for the mobility over a much wider ran
of experimental parameters:

m5
2««0z

3h F11
~ka!2

16
2

5~ka!3

48
2

~ka!4

96
1

~ka!5

96

1S ~ka!4

8
2

~ka!6

96 Dexp~ka! Èka exp~2t !

t
dtG , ~1!

where««0 is the dielectric permittivityk2 of water, h the
suspension viscosity,a the particle radius, andk the Debye-
Hückel screening parameter defined via

k25
e2

««0kBT (
i

nizi
2, ~2!

with the thermal energykBT, the elementary chargee, the
number densityni , and the valencezi of small ions of all
speciesi in the suspension. This expression is valid for
bitrarily large z potentials and interpolates between the e
pressions derived by Hu¨ckel and by von Smoluchowski fo
the limits of ka!1 andka@1, respectively.

Later on also relaxation effects were included in the t
oretical expressions and several authors provided nume
solutions for isolated particles@7–9#. For smallz potentials
the predictions of Wiersemaet al. are shown in Fig. 2 in
terms of the reduced quantities

m red5
2

3

h

««0kBT
m, z red5z

e

kBT
. ~3!

We also include the predictions of O’Brien and White f
large potentials (z red>7) and their upper bound for the mo
bility as a function ofka. Curves forz red.3 show a mini-
mum aroundka'1 – 10, which deepens with increasingz.
This is due to the relaxation effect, i.e., the distortion of t
EDLs in the presence of an external field leading to a s
nificantly smaller local field strength. In particular, an upp
bound of mobilitiesm red<4 for 0.5<ka<20 is predicted.

FIG. 2. Comparison of theoretical predictions for the reduc
electrophoretic mobility for several values of the reducedz poten-
tial and varyingka with the range of experimental results~shaded
area!. Predicted mobilities after@8,9# ~including relaxation effects!
are shown by the solid and dashed lines, respectively. Note th
significant portion of experimental results is not accounted for
theory.
-
-

-
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Some experimental evidence of this behavior has rece
been given@43#, but unfortunately the authors did not qua
tify their ‘‘very low’’ packing fractions. We further note tha
these theories form the basis of standard evaluation pr
dures, even while significant deviations from predicted v
ues have been observed experimentally.

Comparing our measurements with these theories, we
serve a significant portion of data to be way outside the
lowed range of mobilities. Much too large mobilities hav
been reported before, but with qualitative differences in
functional form of theF dependence@20–23#. These results
cannot be explained by the standard electrokinetic mode

Figure 3 shows the results of a measurement on sampA
at deionized conditions plotted versus the decadic logari
of the packing fraction. Starting from a value ofm red53.3,
the mobility increases linearly with log(F) and becomes al-
most independent onF for F.531025 with a saturation
value ofm red56.860.4. For small packing fractions the ob
served mobilities are well below the predictions, while th
are well above for largeF. It is interesting to note that the
crossover in qualitative behavior~increase versus constanc!
coincides with the range of concentrations where the flu
like order evolves. At very low values of the packing fractio
the particles may be considered as noninteracting in
sense that the suspension structure is isotropic@S(k)51#,
while at higher concentration the sample forms a fluidli
order and crystallizes forF>931024. Data points of the
crystalline phase are given by the triangles. Within expe
mental error, however, there is little, if any, influence of t
phase transition. On the other hand, we observe the cross
at the packing fraction, where the concentration of ions p
vided by the particles~231027M from the dissociation
product of water! is significantly increased above the conce
tration of ions provided by the suspending medium.

An interesting question now is whether this behavior
qualitatively reproducible, i.e., independent of the surfa
chemistry of the latex and of its size. Figure 4 compares
packing fraction dependences for all our samples. Using
fringe and incoherent detection, the signal-to-background

d

t a
y

FIG. 3. Packing-fraction-dependent reduced electrophoretic
bility of sampleA under conditions of no added salt~residual stray
ion concentration well below 1026M !. The straight lines are guide
to the eye. The reproducibility of a single measurement is given
the error bar. AsF is increased over more than two orders
magnitudem~F! first increases linearly with the logarithm of th
packing fraction and reaches a plateau value ofm red56.860.3 for
F.531025. The triangles correspond to the mobility in the cry
talline state. For all other points of the plateau we observe p
nounced fluid order.
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tio is generally smaller for smaller particles at the same pa
ing fraction. Data were taken at different ranges, thus cov
ing more than four orders of magnitude ofF. We note that
restrictions of the range of accessible packing fractions
given by a low signal-to-noise ratio at low packing fractio
and the onset of multiple scattering at highF and thus de-
pend on the individual scattering length of the particles. T
individual values of the mobilities vary significantly, reflec
ing the different particle properties. More importantly, cle
common trends in the functional form of theF dependence
may be derived.

Although with considerably larger scatter sampleB shows
the same qualitative behavior, namely, first an increase
m red with log(F) and a crossover to independence of t
packing fraction as the concentration of counterions is on
same order as the concentration of ambient electrolyte.
can be noticed from Fig. 5, the mobility of deionized susp
sions crucially depends on the background level of st
ions. In fact, the value may drop more than a factor of 2
somemM are reached. The scattering of data for sampleB
was caused by a small leak in the lid of the reservoir, wh
has to be lifted to add particles or salt. For sampleC

FIG. 4. Same as Fig. 2 for all samples.L, sampleA, fluid; n,
sampleA, crystalline; ^, sampleB, d, sampleC; h; sampleD.
Note that no decrease of mobility with increasing packing fract
is observed.

FIG. 5. Packing-fraction-dependent reduced electrophoretic
bility of sampleB under conditions of small amounts of added s
plotted versuska as calculated from Eq.~4!. The symbols denote
the following concentrations of added NaCl:,, c50 mM ; 1, c
50.5mM ; 3, c50.8mM ; d, c51.3mM. All curves show quali-
tatively similar behavior, i.e., a tendency to saturate ask is in-
creased. The crossover point in all samples coincided with the
lution of fluid order.
k-
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h

the counterion concentration exceeds the concentration
added salt. Here the mobilities show a pronounced plat
for all packing fractions investigated.

Measurements on sampleD were performed at constan
salinity of 1023M KCl. This value is large enough to safel
neglect the contribution of particle counterions tok. While
ka thus is constant, we again observe a continuous rise om
with the packing fraction increasing from 231025 to 1022.
For F>831024 the determined mobility is well outside th
range covered by theories for single particles including
laxation. ForF<531023 the concentration of added sa
ions greatly exceeds the concentration of counterions and
plateau region is not completely reached. Nevertheless,
increase in mobility is less pronounced for the high-packin
fraction values, possibly indicating the beginning of satu
tion.

We further performed measurements on sampleB at vari-
ous concentrations of added electrolyte each over a la
range ofF. We plot the results versuska with k calculated
as

k5A e2

««0kBT
~nZ* 1231000NAc!. ~4!

The first term in the sum of Eq.~4! considers the contribu
tion of the particles via the effective number of counterio
Z* and the number density of particlesn53F/4pa3; NA is
Avogadro’s number andc is the molar concentration o
added 1:1 electrolyte.Z* may be calculated~see below! or
determined experimentally, e.g., from the packing-fractio
dependent conductivity measurement. Consistent with pr
ous experiments@20,34#, here also the conductivity o
samplesA, B, andC in the ordered state was observed to
linear in F and to follow the expression

s5eZs* n~mP1m1!1sH2O, ~5!

where the suffixs denotes the measurement ofZ* via con-
ductivity, mP is the measured particle mobility, andm1 is
the counterion mobility, which in this case is given bymH1

536.231028 m2 V21 s21 for the protons.sH2O555 nS/cm
denotes the background conductivity of water. Equation~5!
assumes independent migration of all ions with their b
mobilities. Any interaction effects between particles a
small ions are accounted for in the effectively transpor
counterion number or effective transport charge numberZs* ,
which is more than an order of magnitude smaller than
number of dissociated surface groups, the bare charge n
ber Z, and only slightly different from the numerically ca
culated effective chargeZDH* ~see below!.

UsingZs* in Eq. ~4!, we calculateka and plot the mobili-
ties of sampleB in Fig. 5. The uppermost curve was taken
deionized conditions. Plotted this way, the coincidence of
crossover region with the equality of counterion and ba
ground concentration is even more pronounced. The slop
the curve changes from nearly vertical ask is dominated by
the ~constant! background electrolyte to nearly horizontal,
k starts to be influenced by the counterion concentration.
compared to the data taken at deionized conditions,
curves at low concentrations of added electrolyte show
significantly worse statistical quality. This is due to the fa

n

o-
t

o-



o
th
a

s

he
i

Ls
ity
th

m
m

tio
rre
he
o
de

e

ili
at
nn
n

d
re

f
t

g
m
r

ed
l
tr
e
e
ze
-

f-

re
ul

lle
u-

in-
ed

t in-
an
-

cess-
nt

een

the

the

om-
d

o
o be
is
ef-
the
ber
l

ng
tay
h
er
un-
k-
-

on
the

57 6779ELECTROPHORETIC MOBILITY OF INTERACTING . . .
that the amounts of added salt are on the order of the c
centrations of stray ions that may enter upon opening
reservoirs to add the salt. Nevertheless, for all curves a qu
tatively similar behavior is observed.

We summarize our experimental findings as follow
Starting from a noninteracting suspension@in the sense of
S(k)51#, where mobilities are smaller than predicted, t
increase of the packing fraction leads first to a logarithm
increase in mobility. Parallel to the starting overlap of ED
and the corresponding evolution of fluid order, the mobil
then saturates at a value much larger than allowed by
theories of@7–9#. We further note that the observed syste
atic packing-fraction dependence of the mobility is in co
plete disagreement with the predictions of@18#. The ob-
served crossover from a logarithmic increase to satura
seems to be a very general feature of colloidal particles i
spective of surface chemistry, size, and possibly also of t
form. It occurs once the concentration of counterions is
the order of or exceeds the concentration of added or un
lying salt.

Our unexpected results are supported by some of the
lier measurements of other authors. The data of Belliniet al.
on short charge variable rods show an increase of mob
with F at low packing fraction and a constant mobility
large F. Also, the experiments reported by Deggelma
et al.were performed at very-well-defined experimental co
ditions. There, both for long rods~tabac mosaic virus! @21#
and for spherical particles@20,22# a constant high mobility
was observed for moderate packing fractions and un
deionized conditions. For highly charged 100-nm sphe
and F<1024 the plateau value of the mobility wasm520
31028 m2 V21 s21. If, in view of our results and those o
Bellini et al., one assumes the counterion concentration
exceed the concentration of added salt already at lowF, the
result compares well with our data on sampleC.

At larger packing fraction, however, adecreaseof mobil-
ity with increasingF was found for both spheres and lon
rods, which is not present in our data on moderate volu
fractions. The onset of the decrease shifted towards higheF
upon adding salt.

IV. COMPARISON OF MEASUREMENT AND
NUMERICAL CALCULATIONS

In the next step we will compare numerically calculat
surface potentials toz potentials derived from experimenta
mobilities via several approaches. To calculate the elec
static potentialC(r ) of a highly charged spherical particl
with radiusa in the diffuse part of the EDL, i.e., outside th
Stern layer, one has to numerically solve the nonlineari
Poisson-Boltzmann~PB! equation. Following the sugges
tions of Alexanderet al. @28#, the PB equation is solved sel
consistently in a spherical Wigner-Seitz cell of radiusr WSZ
given by the particle density to yieldC(r ). For low chargeZ
and large particles this mean-field approximation has
cently been shown to nearly quantitatively reproduce res
from primitive model calculations@27,30#.

In order to have a tractable analytic expression a so-ca
Debye-Hückel potential is then fitted to the numerical sol
tion
n-
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CDH~r !5CS

a

r
exp@2k~r 2a!#, ~6a!

with

CS5CDH~a!5
Ze

4p««0

1

~a1ka2!
~6b!

being the surface potential. Note that Eq.~6a! reduces to a
Yukawa potential in the limit of vanishinga. Upon adding a
suitable van der Waals term the celebrated Derjagu
Landau-Verwey-Overbeek potential for a pair of isolat
spheres is recovered.

A fit of Eq. ~6a! to this solution withk calculated from the
exact concentrations at the cell boundary and subsequen
tegration from the cell boundary up to the surface yields
effective charge numberZDH* replacing the much larger ana
lytical or bare chargeZ in Eq. ~6b!. After @28#, ZDH* has
become known as the renormalized charge and was suc
fully employed to describe different interaction-depende
properties such as phase behavior@36#, phase transition ki-
netics@32#, the structure of binary mixtures@44#, the elastic-
ity of colloidal crystals@34,35#, and diffusive dynamics@45#;
the concept is therefore widely accepted, but has not b
shown to apply for electrokinetic phenomena.

Here we use a program kindly provided by Belloni@29#
that in addition accounts for the surface chemistry of
particles through fixing the surfacepK instead ofZ. Due to
the accumulation of counterions in the surface region of
particle, the surfacepH may be significantly lowered and
thus alter the degree of dissociation when it becomes c
parable to the surfacepK. The PB equation is thus solve
under conditions of charge regulation and with«, T, c, F, a,
and N as input the program yieldsZ, ZDH* , and C(r ) as
output. Since the effective potentialCDH(r ) is not directly
accessible from the program it is calculated usingZDH* , and
Eq. ~4! for k in Eqs.~6a! and ~6b!. In Fig. 6 we present the
numerical results for the reduced potentialC(r ), reduced
effective potentialCDH(r ), and bare and effective chargesZ
and ZDH* of latex A as a function of packing fraction at n
added salt. The stray ion concentration was assumed t
1027M of a neutral 1:1 electrolyte. The effective potential
significantly smaller than the true surface potential. The
fective charge is one order of magnitude smaller than
bare charge, which in turn is slightly smaller than the num
of surface groupsN over practically the whole experimenta
range. Only at increasedF the true surface chargeZ ap-
proachesN; at even largerF an increase inZDH* towardsZ is
observed@46#.

Concerning our mobility results, the most interesti
point isF dependence of the potentials. Both potentials s
practically constant up toF'1023 and then decrease wit
the logarithm ofF. It is interesting to note that this crossov
in qualitative behavior appears as the concentration of co
terionsnZDH* /NA at r WS increases above the average bac
ground concentrationc of small ions. As the distance be
tween particles decreases with increasingF, this corresponds
to the region where the influence of neighboring particles
the potential around a given particle becomes obvious in
numerical calculations.
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To quantitatively compare our experimental data with n
merical determined potentials or charge numbers we hav
convert the mobilities into the correspondingz potential. As
stated before, several possibilities are available. Evalua
of our data following@8,9# in the low-packing-fraction re-
gime yields an increasingz potential starting fromz red53.6
at the lowest packing fraction. This is in obvious disagre
ment with the potential calculations. Qualitatively, a co
stancy of thez potential is expected. Quantitatively, th
value of thez potential atF51026, where the standard elec
trokinetic model should actually apply, is a factor of 3 to
low. An evaluation after Eq.~1! does not alter this result.

Above F5231025 wherez red.10, no evaluation after
this standard procedure is possible. Thus our experime
result seems to be in both qualitative and quantitative
agreement with the numerical predictions of@8,9#.

This is in line with previous experiments of other group
While measurements of thez potential via the conductivity
increment seem to yield results compatible with numeri
calculations of the surface potential, much too low values
the salt-concentration-dependent mobility and conseque
also small potentials have been observed previou
@14,16,19# for noninteracting particles in the sense
S(k)51. On the other hand, Deggelmannet al. @20# reported
mobilities above these predictions for ordered systems.

An evaluation after Eq.~1! @6# not considering any relax
ation effects yields potentials first strongly increasing withF
but showing a nearly constant value ofz red56.8 for F>2
31025. This value and the corresponding charge numbe
1990 are well below the numerical values ofC(a)'12 and
Z521 400 (F5731024). Interestingly, both the potentia

FIG. 6. Top, comparison of numerically calculated surface
tentials C(r ) ~ ! and effective surface potentialsCDH* (r )
~ ! with z potentials as derived from measured mobilities v
Eq. ~1! ~L!; bottom, numerical calculations of the correspondi
charge numbers. Note that while the degree of dissociation
creases with increasingF, the effective charge~ ! goes
through a minimum before approaching the bare charge~ !.
-
to
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-
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and charge number approach the effective surface quan
predicted numerically. This also is the case for samplesB
andC at the same particle number density~cf. Table II!. We
note, however, the qualitative disagreement: The experim
tally determined potential increases where the numerical
culation predicts a constant value, but remains cons
whereC decreases. Therefore, at present we cannot ve
the applicability of charge renormalization in electrophore
experiments.

We summarize our findings as follows. The mobility in
creases where the potentials are constant, while it is es
tially constant where the potentials decrease. The cross
region spans roughly a decade in packing fraction.

V. VANISHING RELAXATION EFFECTS

It is tempting to speculate that the plateau observed iz
for F.231025 is due to the compensation of two effect
For constant potential the mobility shows a logarithmic
crease with packing fraction; the potential, however, beg
to decrease logarithmically forF.231025 compensated by
a decrease in potential. A possible reason for a mobility
crease could be the vanishing of relaxation effects with
creasing packing fraction.

This qualitative picture is conceptually straightforwa
and may provide a starting idea to quantitatively incorpor
many-particle effects into the calculation of electrophore
mobilities. It is sketched in Fig. 7. Consider the EDL su
rounding an isolated particle suspended in an infinite re
voir of suspending water. The EDL in principle extends
infinity too. In practice, the excess counterion concentrat
is negligible as compared to the bulk concentration of ba
ground electrolyte after a few micrometers. Distortions of t
EDL due to the applied electric field occur undisturbed
neighboring particles or walls.

Adding more particles to the system, the EDL extension

-

-

FIG. 7. Qualitative sketch of the relaxation effects present un
conditions of isolated particles~top! and of overlapping EDLs~bot-
tom!. Shown is the radial ion concentration parallel to an appl
electric field E. Note the distortion present for isolated particle
The presence of neighboring particles increases the concentrati
counterions near the Wigner-Seitz cell boundary. At increas
overlap the drift of counterions away from the particle is incre
ingly compensated by those arriving from neighboring particles.
a consequence, relaxation effects should vanish upon increasin
packing fraction.
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TABLE II. Comparison of possible positions of the shear plane given in nanometers and the corresponding reduced potent
different experimental methods and criteria~the calculated data are based on a particle densitynP55310216 m23!.

Latex a ~nm! C (a) CDH (a) aH ~nm! CDH (aH) az ~nm! z red as ~nm! C (as) akT ~nm! C (akT)

A 150.5 12.4 7.8 154.4 7.6 186 6.8 194 6.3 655 1.0
B 57.5 12.6 9.7 62.9 8.8 86 6.7 95 5.8 399 1.0
C 35.0 15.4 11.4 39.5 9.9 68 5.8 414 0.6 305 1.0
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decreased. A sensible estimate may be the Wigner-Seitz
boundary. This must not yet lead to electrostatic repuls
between particles and to structure formation. Distortions
the EDL, however, upon applying an electric field now mig
become heavily altered. We note that strong deviations
experimental data from theoretical predictions are found
actly in this regime.

Adding more and more particles, the EDL of one partic
i.e., the region of deviations from electroneutrality, may st
overlapping significantly into the neighboring Wigner-Se
cell. Thus the charge separation occurring for a single p
ticle due to the drift of small ions away from the surface
~partially! compensated by small ions arriving from the o
posite direction. Consequently, the relaxation effects
served at infinite dilution~and possibly enhanced at mode
ate concentrations! should decrease as the packing fraction
increased. Returning to Figs. 3–5, the crossover is obse
as the counterion concentration exceeded the residual s
ion concentration by some 10–20 %, giving an estimate
the start of EDL overlap. While at constant potential this w
lead to an increase in mobility, a decreasing potential w
compensate the effect. Our model may therefore qua
tively explain the observed trends.

In the case of a strongly overlapping EDLs combin
with a high packing fraction the relaxation effects may ev
vanish completely. In that case the mobility again sho
follow the qualitative behavior of the potential. In fac
Deggelmann@22#, who used the same preparational metho
as presented in the present paper, observed a plateau fo
mobility of particles witha550 nm followed by a logarith-
mic decrease forF.631025. In view of our speculation,
this result would correspond to the high-packing-fraction e
of a generalF-dependent mobility.

A similar picture may apply to the salt concentratio
dependence. Both Okubo@19# and Garbow@14# report a
low mobility plateau with decreasing salt concentrationsc
<1024M . Mobilities measured by Deggelmann@20# show
first the well-known maximum at moderatec, then a mini-
mum at lowerc, followed by a steep increase coincidin
with the evolution of fluid structure asc is further decreased
In this view the important feature would be the minimu
corresponding to the onset of vanishing relaxation in sam
with sufficiently high packing fraction. Consequently, th
notion of noninteracting particles should, for electrokine
experiments, be reconsidered and possibly redefined in te
different from structural criteria.

Being far from presenting a quantitative theoretical tre
ment, here we could only offer a qualitative interpretation
terms of vanishing relaxation. We note that this qualitat
sketch of the situation as drawn in Fig. 7 does not yet inclu
complications due to the formation of fluidlike order n
does it have an explanation for the functional form of t
ell
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mobility increase. It may, however, outline a possible ro
for the development of theoretical descriptions.

VI. THE SHEAR PLANE CONCEPT

This question is even more complex to treat and we m
only give some considerations concerning the position of
shear plane derived from different measurements that m
illustrate the problem rather than solve it. We will discu
sampleA in detail and give a compilation of results in Table
I and II. In Fig. 8 we show the numerical solutions for th
radial counterion distribution and the true potentialC(r ) as
obtained for latexA at no added salt and strongly overla
ping EDLs where sampleA showed a pronounced fluid or
der. We first discuss possible positions of the shear pl
while assuming the concept to apply also for order
samples and then address an obvious limitation of this c
cept.

We recall that the concept of a shear plane approxima
the real velocity gradient outward from the surface of a mo

FIG. 8. Top, radial counterion distribution; bottom, mean-fie
potential as calculated for a particle of sampleA with a geometrical
radius of 150.5 nm at no added salt~residual stray ion concentratio
1027M ! and packing fractionF50.0007~ ! and the potential
CDH ~ ! approximated via Eq.~6a!. The vertical lines indicate
possible positions of the plane of shear as derived from geomet
radiusa ~SLS!, hydrodynamic radiusaH ~DLS!, and conductivity
as compared toaz as derived from the measuredz potential.
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ing particle by geometrically dividing the double lay
sharply into one part moving with the particle and one p
subject to normal viscous flow. Traditionally, two positio
of the shear plane are discussed. One of them is the S
layer boundary. In our case of the absence of specific abs
tion the Stern layer is empty. Hence, this layer contains
charge; neglecting its thickness, the shear plane coinc
with the geometrical radiusa5150.5 nm as determined from
static light scattering.

Alternatively, many authors assign the value of the hyd
dynamic radiusaH to the position of the shear plane. W
note that the hydrodynamic radius replacing the geometr
radius in experiments on the self-diffusion also is deriv
from a similar concept. We determinedaH5154.4 nm from
dynamic light scattering performed on very dilute samples
the limit ka@1, where large amounts of added salt suppr
the particle interaction. In agreement with previous expe
ments, we observeaH to be only slightly larger thana for all
samples.

A third possibility exploits the results of the conductivi
experiment. There we found that only an effective num
Zs* of counterions is transported with their bulk mobilities.
physical interpretation would be that close to the parti
transport is hindered by either the strong interaction of
ions with the particle or a hairy layer@47#, both leading to an
enhancement in the viscosity and/or a reduction of small
mobility close to the surface. In Eq.~5! this presumably
smooth variation@47–49# again is approximated by a step
like increase in small ion mobility at a radiusas . We there-
fore vary the upper boundary of the integral over the exc
counterion concentration

Z5E
r WS

as
c~r !2c~r WS!r dr ~7!

until Z equalsZs* to obtainas5194 nm.
One may also try a naive energetic criterion. Followi

the picture of counterion condensation one might argue
if the external field is very small, only ions bound by le
than kBT should be able to move relatively to the colloid
particle. The radius derived from this criterionC(r )51 is
akT5655 nm.

Finally, these four values are compared with the posit
of the shear plane as derived from the electrophoretic mo
ity. Referring to Fig. 6, thez potential in the plateau regio
was obtained to bez red56.8. This corresponds to a she
plane radius ofaz5186 nm if the solution to the nonlinear
ized PB equation is taken as the true potential. Figure 8 g
a comparison of all values obtained for sampleA, except the
1kBT criterion, which gives an unphysical position of th
shear plane much too far from the surface to explain
observed high mobility values.

For sampleA the conductivity radius yields a position o
the shear plane very close to the value derived from mobi
The hydrodynamic radius as measured at added salt is
nificantly smaller and much closer toa. This can be under-
stood by taking into account the hairy layer concept. With
the range of our equipment we could not measure the hy
dynamic radius under conditions of complete deionizati
We note, however, that measurements performed by sin
particle tracking on a variety of particles including sampleA
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at F'1027 and under conditions of saturation with CO2 but
no salt added@50# indicate a significant increase ofaH as
compared toa.

Systematic measurements on this point have recently b
performed by Seebergh and Berg@47#. They observed the
hydrodynamic radius of noninteracting particles to increa
with decreasing salt concentration. The effect was
present if the particles were heat treated and it was attribu
to the presence of a hairy layer on the particle surface.
those dangling ends carry the ionogenic surface groups
will stretch out as the screening is reduced. An immobiliz
water layer results, which may extend several nanome
into the surrounding fluid. For sampleA both the coinci-
dence ofas andaz and the disagreement as compared toaH
at large salt concentration may thus possibly be explained
the presence of hairs on the particle surface. While
sampleB the situation is similar, radii derived for the mor
highly charged sampleC show a clear disagreement betwe
the respective possibilities to position the shear pla
Clearly additional precise experiments on particle radii
deionized conditions are needed to further comment on
point. At present we can only state thataH as measured
under added salt seems to provide a questionable approx
tion for the position of the plane of shear under conditions
no added salt and strong overlap of EDLs, respectively.

VII. CONCLUSIONS

We presented systematic measurements on the pack
fraction-dependent mobility of strongly charged colloid
spheres showing a pronounced and complex influence
double-layer overlap on the electrokinetic properties. Fi
we found an unexpected increase of the mobility with
creasing packing fraction that cannot be explained within
standard electrokinetic model. It is also incompatible w
theoretical predictions taking into account increased hyd
dynamic interaction. No influence of the phase transition i
the crystalline ordered state was detected. Further, an
crease in mobility was observed, where the calculated
face potentials remain essentially constant and are follow
by a crossover to constant mobility as the potential start
decrease. Using Henry’s theory this behavior translates
similar phenomenology for thez potential. We suggested th
vanishing of relaxation effects in combination with a d
crease in surface potential to be a possible explanation.

Second, the crossover was observed to occur when
concentration of counterions at the Wigner-Seitz cell bou
ary starts to significantly exceed the concentration of und
lying electrolyte. Alternatively to the evolution of fluid or
der, this could be taken as a criterion for the onset of part
interaction.

Third, an unexpected closeness ofz and the effective sur-
face potential CDH* (a) was observed for a number o
samples. At first sight this may suggest a consistent desc
tion of electrokinetic and other interaction-dependent pr
erties in terms of the renormalization concept. Our findin
however, has to be rated fortuitous until further measu
ments covering also significantly higher packing fractio
possibly confirm a systematic decrease inm and z, respec-
tively. At present we are not aware of any physical reas
why thez potential at the shear plane as determined by e
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trophoresis should equal an effective surface poten
Clearly, a theory of electrokinetic properties in strongly i
teracting colloidal suspensions remains a challenge.

Finally, the position of the shear plane derived from
comparison of thez potential to the numerical calculate
C(a) and also from conductivity is found to be some 20 n
above the particle surface. A possible explanation would
the assumption of hairy layers stretching out with decreas
salt concentration. While this probably is an effect indep
dent of the particle interaction and thus should not be h
responsible for the general trend ofF-dependent mobilities
tic
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it may nevertheless be responsible for the particular plat
values ofm.
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